In previous works [Mas13] and [Mas16], we described algorithms to compute the number field cut out by the mod ℓ representation attached to a modular form of level N = 1. In this article, we explain how these algorithms can be generalised to forms of higher level N .
Introduction
Let f = n 1 a n q n be a classical cusp form of level N ∈ N, weight k 2 and nebentypus ε. We suppose that f is an eigenform, that is to say that f is an eigenvector of the Hecke operator T n for all n ∈ N, and that it is new, which means that there is no eigenform of level less than N which has the same eigenvalues as f . In this case, the coefficient a 1 of f is necessarily nonzero, so we may normalise f so that a 1 = 1. We call such a normalised new eigenform a newform. For all n ∈ N, the eigenvalue of f with respect to the Hecke operator T n is the coefficient a n of f . These coefficients are algebraic integers and span a number field (that is to say an extension of Q of finite degree) called the Hecke field of f . This field also contains the values of ε.
Furthermore, for all finite primes l of this field, there exists a unique mod l Galois representation of degree 2, that is to say a continuous group homomorphism ρ f,l : Gal(Q/Q) −→ GL 2 (F l ), which sends any Frobenius element at p to a matrix of characteristic polynomial
for all primes p ∤ ℓN. Here, F l is the residue field of l, ℓ ∈ N is the prime below l, and the coefficients of the characteristic polynomial are considered mod l.
As ρ f,l is continuous, Galois theory attaches to the kernel of ρ f,l a number field L, which we call the field cut out by ρ f,l . It is a Galois number field, whose Galois group is isomorphic via ρ f,l to the image of ρ f,l , as shown in the diagram below.
Gal(Q/Q)
The ramification properties of L are well-understood in terms of f and l. In particular, L is unramified at p if p ∤ ℓN, and L is at most tamely ramified at every p = ℓ such that p N.
At ℓ, the field L is usually wildly ramified, but not always. More precisely, it is tamely ramified when f admits a companion form mod ℓ in the sense of [Gro90] , or when f is supersingular at l. The first case means that there exists another eigenform g = n 1 b n q n , of the same level as f but of weight ℓ + 1 − k, such that n 1 na n q n mod l = n 1 n k b n q n mod l ′ for some prime l ′ above ℓ in the number field generated by the coefficients b n . The second case means that the ℓ-th Fourier coefficient a ℓ of f is 0 mod l; in this case, there also exists another eigenform g = n 1 b n q n , of the same level as f but of weight ℓ + 3 − k this time, such that n 1 n 2 a n q n mod l = n 1 n k b n q n mod l ′ .
Therefore, Galois representations attached to such forms are a valuable source of number fields of Galois group GL 2 (F ℓ ) or PGL 2 (F ℓ ) whose ramification is extremely restricted, and that thus deserve a particular place in tables of number fields, provided of course that we are able to find them explicitly. This was pointed out to the author by David Roberts. A quantitative statement of this fact is achieved by theorem 6.1.2.
In previous works [Mas13] and [Mas16] , we described algorithms to compute explicitly the number field cut out by the mod l representation attached to a form of level N = 1. In this article, we show how these algorithms can be generalised to forms of higher level N, provided for simplicity that ℓN is squarefree. We lose no generality by assuming that ℓ and N are coprime since every mod ℓ representation attached to a form of level ℓN is also attached to a form of level N; besides, the hypothesis that N is squarefree could probably be suppressed without great difficulty.
As an application, we compute the Galois representations attached to a few forms which admit a companion or are supersingular mod ℓ, and we obtain very lightly ramified number fields of degree ℓ + 1 that were, as far as the author knows, previously unknown, and whose Galois closure has Galois group PGL 2 (F ℓ ) and a particularly small root discriminant, thus beating the record for such number fields.
As the output of this algorithm is not certified for the same reasons as in [Mas13] , we explain how our certification method [Mas16] can be extended to the case of forms of higher level.
Finally, we establish formulas to predict the discriminant of the number fields cut out by such representations and we use these formulas to single out several interesting examples, even though we are unable to compute these fields explicitly at the moment.
This article is organised as follows. First, in section 2, we derive formulas describing the action of the Atkin-Lehner operators on a space of modular forms of given level and weight, including on the old subspace and on Eisenstein series. These formulas are needed for the generalisation of our modular Galois representation computation algorithm [Mas13] , and we present this generalisation in section 3. In section 4, we explain how the output of this new algorithm may be certified thanks to a generalisation of the methods presented in [Mas16] . Finally, in section 5 we present the results of our computations, and we explain in section 6 what results can be obtained with our techniques in general.
Notation
We let G Q denote the absolute Galois group Gal(Q/Q) of the rationals, and we write Frob p ∈ G Q for a Frobenius element at the prime p ∈ N. Since all the Galois representations considered in this article are mod ℓ (as opposed to ℓ-adic), we will denote them by ρ (as opposed to ρ). We will also frequently consider projective mod ℓ Galois representations, which we will denote by the letter π. This should hopefully not cause any confusion, as we will not consider any automorphic representation in this article.
We write e(x) as a shorthand for e 2iπx .
Let ε be a Dirichlet character modulo N ∈ N. We write
for the Gauss sum of ε, which is thus −1 when N is prime and ε is the trivial character mod N. Given a factorisation N = Q 1 · · · Q r of N into pairwise coprime factors Q i , we will denote by ε Q 1 · · · ε Qr the corresponding decomposition of ε into characters of respective moduli Q i . Also, if N ′ is a multiple of N, we will denote by ε (N ′ ) the character obtained from ε by raising the modulus to N ′ . We normalise the weight k action on functions on the upper half-plane as
This is an action of PGL + 2 (R). For k, N ∈ N and ε a Dirichlet character mod N, we let M k (N, ε) resp. S k (N, ε), E k (N, ε) be the C-vector space of modular forms (resp. cuspforms, Eisenstein series) of level N and nebentypus ε, and we let N k (N, ε) be the finite set of newforms in
). Also, for t ∈ N, we let B t denote the operator f (τ ) → f (tτ ), in other words 2 Explicit formulas for Atkin-Lehner operators acting on the whole space of modular forms
In order to compute mod ℓ Galois representations attached to eigenforms of level N > 1, we will need to be able to compute the action of the Atkin-Lehner operators on the space M k Γ 1 (ℓN) , including its old part and its Eisenstein part. The purpose of this section is to establish explicit formulas for this.
Basic facts about the Atkin-Lehner operators
To begin with, lets us recall without proof the definition and some well-known basic facts about the Atkin-Lehner operators. Proofs may be found in [Asa76] and [AL78] for instance.
Fix an integer N ∈ N, and let Q ∈ N be a divisor of N. We say that Q is an exact divisor of N, and we write Q N, if gcd(Q, N/Q) = 1.
Let Q be an exact divisor of N, let R = N/Q, let x and y be two integers, and consider the set of matrices
Q,1,1 , and we drop the superscript (N) from the notation whenever N is clear from context. Note that the condition Q N ensures that W (N ) Q,x,y is never empty as long as x is coprime to R and y is coprime to Q.
Let f ∈ M k (N, ε). Then f k w Q does not depend on the choice of w Q ∈ W (N )
Q , so we may write the corresponding operator as W Q . More generally, for w Q ∈ W (N ) Q,x,y we have
, and
The operators W Q for varying Q N do not commute; however, if Q and Q ′ are two exact divisors of N which are coprime, then we have the relation
Atkin-Lehner operators on the new part of the cuspidal subspace
The explicit action of the operators W Q on newforms is well-understood. Indeed, we have the following formula (cf. [AL78, section 2] and [Asa76, theorem 2]):
Theorem 2.2.1. Let f = q + n 2 a n q n ∈ N k (N, ε) be a newform, and let Q N. For all nonzero integers n ∈ N, write n Q = gcd(n, Q ∞ ) for the part of n that is supported by the primes dividing Q. Then there exists an algebraic number λ f,Q ∈ C * of absolute value 1 such that
where b n = ε N/Q (n Q )ε Q (n/n Q )a n Q a n/n Q for all n ∈ N. In particular,
i be the complete factorisation of Q, and write Q i = q e i i . Then the following conditions are equivalent:
• a q i = 0 for all i, and if these equivalent conditions are satisfied, then λ f,Q is given by
and g(ε Q i ) denotes the Gauss sum of ε Q i .
Remark 2.2.2. Note that according to [Li75, theorem 3] , a q i = 0 if and only if e i 2 and ε Q i is not a primitive character. Unfortunately, the author is not aware of any method to compute λ f,Q without summing infinite series numerically when this case occurs.
Atkin-Lehner operators on the new part of the Eisenstein subspace
Fix an integer k 1, and let ψ and ϕ be primitive characters of respective moduli u and v, and let M = uv. If k = 2, also suppose that M > 1. Let z ∈ C be such that Re z > 2 − k, and define
This continues analytically to all z ∈ C, so we may define
is an Eisenstein series, whose q-expansion is
where B k,ϕ is the k-th Bernoulli number attached to ϕ, which is defined by the identity
is also an eigenform for the whole Hecke algebra.
If k = 2, also define
which is NOT a modular form, and
which is a modular form, and also an eigenform for the Hecke operators T p such that p ∤ M.
It is well-known (cf. for instance [DS05, theorems 4.5.2 and 4.6.2]) that for k = 1 or k 3, the series E ψ,ϕ k B t for (ψ, ϕ, t) such that
• ψ and ϕ are primitive,
• the product t · cond(ψ) · cond(ϕ) divides N,
form a basis of the Eisenstein space E k (N, ε). Similarly, for k = 2 the series E ψ,ϕ 2 B t for (ψ, ϕ, t) such that
• ψ and ϕ are primitive and not both trivial,
and in addition the series E (t) for 1 < t | N if ε is trivial, form a basis of E 2 (N, ε). In this way, the series E ψ,ϕ k with cond(ψ) cond(ϕ) = N and ψ(−1)ϕ(−1) = (−1) k , as well as E (N ) if k = 2, play in E k (N, ε) a rôle that is analogous to the newforms in S k (N, ε). As a consequence, we make the following ad hoc definition: It follows from the above that this new subspace is also a Hecke submodule, unless k = 2 and ε is trivial, in which case it is still a submodule over the algebra spanned by the T p for p ∤ N.
Continuing the parallel with the case of the cuspidal subspace, we are now going to derive formulas describing the action of the Atkin-Lehner operators W Q on this new subspace. Theorem 2.3.2. Let ψ and ϕ be primitive characters of respective moduli u and v, let N = uv, and let Q N. Write R = N/Q, u = u Q u R and v = v Q v R , where u Q = gcd(u, Q), u R = gcd(u, R), and similarly for v Q and v R . Finally, let χ = ψϕ, a character modulo N. Then
Proof. Suppose first that k 3, so that we may set z = 0 in the formula defining G ψ,ϕ k,z without having to invoke analytic continuation. The following formula is easily derived:
Here and in what follows, the dash sign on the double sum means that the term of index m = n = 0 is omitted.
Let now
Qa b N c Qd ∈ W Q , and compute that
∈ SL 2 (Z). As the double series is absolutely convergent, we may thus reindex it to get
as the relations a ≡ 1 mod R, b ≡ 1 mod Q and Qad − Rbc = 1 from the definition of
This concludes the proof when k 3. For k = 1 or 2, by replacing the denominators appropriately (e.g.
which is valid for Re z + k > 2. As both sides are analytic in z, this identity extends to all z ∈ C, so we may let z tend to 0 to get the result.
The case of the series E (N ) is much simpler:
Proof. Let us begin with the case Q = N. According to [DS05, formula (1.5) page 19], we have 1
Then, in the case of general Q N, notice that
by theorem 2.4.1 below and the inclusion W
of matrices sets.
Atkin-Lehner operators on the old subspace
We now derive formulas for the action of W Q on the old subspace of M k (N, ε). This involves computing the action of W Q (as an operator of level N) on forms which are new of level M | N on the one hand, and deriving commutation relations between W Q and B t on the other hand. In order to make the notation precise, we will specify the level at which W Q acts whenever necessary, by writing W Theorem 2.4.1. Let M ∈ N, let ε be a Dirichlet character modulo M, and let f ∈ M k (M, ε). Let N be a multiple of M, and let t divide N/M, so that N = tMR for some integer R ∈ N and that f B t may be seen as a form of level N.
Let Q N, and define
depends on Q but not on N (as long as N is such that tM | N and that Q N of course), so we may write it as f B t W Q . Explicitly, we have
Q , so that a ≡ 1 mod N/Q and b ≡ 1 mod Q. Then we have
Mq,t Q ,t ′ , the result follows.
This formula, along with the ones for newforms and Eisenstein series presented above, allow us to compute the action of W Q on the whole space M k (N, ε).
Computation of modular Galois representations
In this section, we fix a prime ℓ ∈ N, a newform
of weight 2 k ℓ, where ε is a Dirichlet character mod N, and a prime l above ℓ ∈ N of the number field generated by the coefficients a n of f . We want to compute the Galois representation
In this article, we are especially interested in the case where f mod l admits a companion form or is supersingular, but the algorithms that we describe do not require that this is the case.
For simplicity, we will assume that the integer ℓN is squarefree. This is mainly so as to simplify statements pertaining to the q-expansion of modular forms at all the cusps or such as proposition 3.2.3 below, and this hypothesis could be suppressed without much difficulty.
Later on, we will focus on the case when the nebentypus ε of f is trivial. This is only for the exposition's sake, and this hypothesis may also be removed very easily.
The modular curve X H (ℓN )
Just as in [Mas13] , the idea of our algorithm is to "catch" the representation ρ f,l in the torsion of the jacobian of a modular curve. More precisely, according to [Gro90, theorem 9.3 part 2], there exists an eigenform f 2 of weight 2 and level Γ 1 (ℓN), a prime l 2 | ℓ of the Hecke field of f 2 and an identification of residue fields
Let ε 2 be the nebentypus of f 2 , which is a Dirichlet character modulo ℓN. The same reference also tells us that f 2 may be chosen so that the N-part of ε 2 agrees with ε, in equations (ε 2 ) N = ε.
(3.1.1)
We will use this relation later; for now, the principal consequence of all this is that ρ f,l ∼ ρ f 2 ,l 2 is afforded in the ℓ-torsion of the jacobian of the modular curve X 1 (ℓN). However, the genus of X 1 (M) grows quickly 1 with M, and unfortunately the algorithm [Mas13] cannot reasonably cope with genera higher than 30. As a result, we are limited to ℓ 31 when N = 1, and to even smaller values of ℓ when N is larger.
Nevertheless, the representation we are interested in is afforded in the abelian variety A f 2 corresponding to the Galois orbit of the eigenform f 2 , which is a factor (up to isogeny) of the jacobian J 1 (ℓN) of X 1 (ℓN), and it is quite possible that A f 2 is much smaller than J 1 (ℓN). Unfortunately, we do not know how to compute explicitly with abelian varieties, unless they are provided to us as the jacobian of some curve. We thus want to find a curve whose jacobian contains A f 2 and is not much larger than it.
A natural solution, which we owe to [DvHZ14] , is to introduce the modular curve X H (ℓN) corresponding to the congruence subgroup
where H (Z/ℓNZ) * is the kernel of the nebentypus ε 2 of f 2 . As Γ H (ℓN) is an intermediate congruence subgroup between Γ 1 (ℓN) and Γ 0 (ℓN), this modular curve is defined over Q and is intermediate between X 0 (ℓN) and X 1 (ℓN). In some cases, its genus is significantly smaller than that of X 1 (ℓN), and so we save a lot of computational effort by replacing X 1 (ℓN) with it, but in other cases we have H {±1} so that Γ H (ℓN) = Γ 1 (ℓN) and X H (ℓN) = X 1 (ℓN).
More precisely, note that the respective determinant characters of ρ f,l and of
for p ∤ ℓN prime, so since these representations agree, the character ε 2 must satisfy
for all x ∈ Z by Dirichlet's theorem on arithmetic progressions. To simplify, we suppose from now on that the nebentypus ε of f is trivial. By (3.1.1), ε 2 is then a Dirichlet character modulo ℓN of conductor ℓ or 1, and it satisfies
for all x ∈ Z, so that the subgroup H (Z/ℓNZ) * is the pull-back to (Z/ℓNZ) * of the subgroup K of (Z/ℓZ) * formed of the (k − 2)-torsion elements. As a result, our curve X H (ℓN) may be seen as the fibred product
besides, the lower the multiplicative order of k −2 mod ℓ−1, the larger H, hence the smaller X H (ℓN) and the more efficient our computation of ρ f,l will be. For instance, for k = 2, we have X H (ℓN) = X 0 (ℓN), which reminds us that ρ f,l is already afforded in the torsion of the jacobian of X 0 (N) and that we have raised the level to ℓN for nothing in this case. The next best case is k − 2 = (ℓ − 1)/2, for which X H (ℓN) is a double cover of X 0 (ℓN) and ε 2 is the Legendre symbol at ℓ seen as a character mod ℓN.
The periods of X H (ℓN )
As in [Mas13] , in order to compute ρ f,l we begin by computing the periods of the modular curve X H (ℓN), which will allow us to view its jacobian as an explicit complex torus. For each Dirichlet character χ, define the modular symbol
where m is the modulus of χ. This well-defined, as
for all x ∈ R and every cuspform F by 1-periodicity of F . Let (γ j ) 1 j 2g be a Z-basis of the homology of X H (ℓN), and let T be a Hecke operator at level Γ H (ℓN). We express each γ j as a linear combination
of modular symbols T i s χ over some appropriate cyclotomic field K, where the characters χ are allowed to have different moduli, but are all primitive. We do so by starting with m = 1, and increasing m until the T i s χ for χ primitive of modulus at most m span the homology of X H (ℓN) over K. In general, characters χ of large modulus mean that more q-expansion terms are required to compute the integral of a cuspform along s χ (cf. proposition 3.2.3 below), so if possible we choose T to be a generator of the Hecke algebra as a Q-algebra, so as to minimise the number of values of m we have to try until we get a generating set.
The space of holomorphic differentials on X H (ℓN) is
A natural basis of this space is formed of the f B t , where f ∈ N 2 (M, ε) is a newform whose level M divides ℓN and whose nebentypus ε factors through H, and t divides ℓN/M. The entries of the corresponding period matrix are of the form
so to compute these entries we need to know how to compute explicitly the action of T on the stable subspace spanned by the f B t for fixed f and varying t on the one hand, and the integrals sχ f B t on the other hand. This is what we achieve in the following two propositions.
Proposition 3.2.2. Let n ∈ N be any integer, and let T n be the corresponding Hecke operator at level Γ H (ℓN). Let f = q + m 2 a m q m ∈ N k (M, ε) be a newform of weight k whose level M divides ℓN and whose nebentypus ε factors through H, and let t be a divisor of ℓN/M. Write n = n 1 n 2 , where n 1 = gcd(n, (ℓN) ∞ ), and factor n 1 as i p
and furthermore
Proof. Immediate from the formulas
for p | ℓN prime and e ∈ N, and
Proposition 3.2.3. Fix a squarefree integer N ∈ N, consider a newform
of level M | N and nebentypus ε, let λ ∈ C * be such that
, so that f B t is a cuspform of level N. Then for all primitive Dirichlet characters χ whose modulus m is prime to N, we have
where g(χ) denotes the Gauss sum of χ,
λ, and
Proof. By Fourier analysis, we have
since χ is primitive. Therefore,
by the changes of variable τ ′ = tτ and x ′ = tx, which is legitimate since t and m are coprime.
Next, we have
where f ⊗ χ = q + n 2 χ(n)a n q n is a newform of weight 2, level M ′ = m 2 M and character εχ 2 by [AL78, p. 228]. Furthermore, according to the same reference, we have
As a result, we have
3.3 High-precision q-expansion of the forms of weight 2
Thanks to the previous two formulas, we are thus able to compute the periods of X H (ℓN) to very high precision, provided that we first compute enough terms of the q-expansion of the cuspforms of weight 2 forming our basis (3.2.1) of S 2 Γ H (ℓN) , which is a non-trivial task since we typically need a few hundred thousands terms. We do so thanks to an improved version of the mod p modular equation method which we described in [Mas13, section 3.1].
Suppose for the simplicity of the exposition that the dimension g 0 of S 2 Γ 0 (ℓN) is at least 2, and let f 1 , . . . , f g 0 ∈ S 2 Γ 0 (ℓN) be a basis made of forms whose Fourier coefficients are rational, where g 0 is thus the genus of X 0 (ℓN)
(12E 4 ) 3 ,
and an Eratosthenes sieve, as long as we use fast series arithmetic and we do all the computations mod p. Next, we use Newton iteration in F p [[q]] on the bivariate polynomial equation so as to recover the coefficients mod p of f 1 /du, and hence of f 1 . Finally, we lift these coefficients back to Z, which we can do unambiguously thanks to Deligne's bounds if p is large enough. This is rather slow, as the degrees of the polynomial equation tend to be high, so for f 2 we proceed a bit differently, by computing a polynomial equation relating f 2 /f 1 and u modulo a (possibly different) large prime p. We then use Newton iteration to recover the coefficients of f 2 . This time, the degrees of this equation are d 0 and at most 2g 0 − 2, which is already much better, so this is much faster than for f 1 .
Then, for all the other forms f i in the basis of S 2 Γ 0 (ℓN) , we compute an equation relating f i /f 1 to f 2 /f 1 modulo a (possibly again different) large prime p, and we use Newton iteration to deduce the coefficients of f i . This is very fast, as the degree of this equation is at most 2g 0 − 2 in each variable; besides, all the forms f i may be treated in parallel.
Finally, let ε be a non-trivial character appearing in (3.2.1), let r > 1 be its order, and fix a basis F 1 , . . . , F d of S 2 (ℓN, ε) made up of forms whose Fourier coefficients lie in the value field K of ε. Such a basis always exists and may easily be computed thanks to [CF96,  
r descends to X 0 (ℓN), so this equation has degrees at most 2g 0 − 2 and 2g − 2, where g is the genus of X H (ℓN), and so the computation is still reasonably fast. We then use Newton iteration to recover the coefficients of F i mod p, and finally lift these coefficients back to K thanks to Chinese remainders over the primes p | p. Note that the various forms F i and primes p may easily be processed in parallel.
As in [Mas13, section 3.1], we thus obtain a method to expand a basis of S 2 Γ 0 (ℓN) to q-adic accuracy O(q B ) in time quasilinear in B. However, this new method performs much better in practice, since it relies on modular equations of degrees much smaller than in [Mas13] for all but the first form.
The rest of the computation
Once we have computed a very precise approximation of the periods of X H (ℓN) over C, we may proceed essentially as in [Mas13] , by inverting the Abel-Jacobi map at ℓ-torsion points thanks to Kamal Khuri-Makdisi's algorithms [KM07] .
In order to adapt these algorithms to X H (ℓN), we need to compute the RiemannRoch space
attached to a divisor D 0 defined over Q whose degree d 0 is at least 2g + 1, where g is the genus of X H (ℓN). As in [Mas13] , we let D 0 be the sum of a canonical divisor of X H (ℓN) and of a divisor D ∞ of degree 3 supported by three distinct cusps, so that d 0 = 2g + 1 exactly, as higher values of d 0 would just slow Makdisi's algorithms down. Thus V 2 is the space of meromorphic differentials that have at most simple poles at the cusps supporting D ∞ and are holomorphic elsewhere. As a result, V 2 is contained in the space M 2 Γ H (ℓN) of modular forms of weight 2; more precisely, we have
where E is the subspace of dimension 2 2 of the Eisenstein space E 2 Γ H (ℓN) formed of the series that vanish at all the cusps except those supporting D ∞ .
In order for D 0 to be defined over Q, we need D ∞ to be defined over Q itself. Since we assumed that N is squarefree, say N = p 1 · · · p r , and that ε is trivial, this is not difficult, as by (3.1.2) we have
where K is the subgroup of (Z/ℓZ) * formed of the elements that are killed by k − 2. Indeed, since X(1) has a single cusp, this decomposition therefore yields an identification of G Q -sets
For all p ∈ N prime, X 0 (p) has exactly two cusps, namely ∞ and 0, and both are defined over Q, whereas for all odd p ∈ N, X 1 (p) has exactly p − 1 cusps, that form two orbits of size (p − 1)/2 under the d operators. One of these orbits is formed of cusps that project to the cusp 0 of X 0 (p), and all these cusps are defined over Q, whereas the other is formed of cusps that project to the cusp ∞ of X 0 (p), and these cusps are defined over the real subfield of the p-th cyclotomic field and thus form a single Galois orbit. As a consequence, it is easy to understand the cusps of X H (ℓN), including the Galois action on them, and so constructing D ∞ poses no difficulty.
Since the level ℓN is squarefree, the group spanned by the operators W Q and d acts transitively on the cusps, so the formulas established in section 2 allow us to compute the q-expansion of any modular form in M 2 Γ H (ℓN) at each of the cusp, given its q-expansion at the cusp ∞. In particular, it is easy to compute a basis of the 2-dimensional space E by linear algebra. Therefore, we choose to represent the elements of V 2 by their q-expansion at all the cusps, with enough q-adic accuracy to ensure that Makdisi's algorithms perform correctly. More precisely, if we expand to accuracy O(q Bc ) at the cusp c, then it is enough that
since these algorithms deal with subspaces of H 0 X H (ℓN), nD 0 for n ∈ N up to 6. Now that we are able to compute in the jacobian J H (ℓN) of X H (ℓN), we may proceed just as in [Mas13] , by identifying the 2-dimensional subspace V f,l of J H (ℓN) [ℓ] that affords ρ f,l thanks to the Fourier coefficients a n of f for small n, inverting the Abel-Jacobi map at the points of V f,l , and evaluating a rational map α ∈ Q J H (ℓN) at these points, as in sections 3.5 and 3.6 of [Mas13] . Finally, we identify the coefficients of
as rational numbers. If these identifications are correct and if α is one-to-one on V f,l , then the polynomial thus obtained describes the representation ρ f,l ; in particular, its Galois group over Q is Im ρ f,l .
Certification of the results
We now wish to certify that the data computed in the previous section does define the representation ρ f,l . This is very likely, but not completely sure, as these data were produced by identifying rational numbers from floating point approximations.
The certification method we present here is a generalisation of the one presented in [Mas16] . We still focus on the case where the level N of f is squarefree, although it is probably not difficult to drop this hypothesis, possibly at the expense of slowing down the computations. For simplicity, we also assume that the representation ρ f,l is surjective; it is easy to modify our arguments when this is not the case.
In order to completely certify our data, we will eventually have to restrict to the case where the nebentypus ε of f is trivial; unlike in section 3, this is a real requirement which the author does not know how to remove. It is however not necessary to make this assumption if one is only interested in the projective representation attached to f mod l, which is the case if one just wants to construct explicitly PGL 2 (F l )-number fields with small discriminants.
Reduction of the polynomials
The polynomial F (x) computed above tends to have a very large arithmetic height. More precisely, in [Mas16, section 2], we predicted that the number of decimal digits of the typical denominator of the coefficients of F (x) was approximately g 5/2 , where g is the genus of the modular curve used in the computation.
We have computed two representations (cf. the results section) mod ℓ = 13 in the jacobian of modular curves X H of respective levels 5 · 13 and 7 · 13 which both have genus g = 13. The denominator of the polynomial F (x) thus obtained has 458 decimal digits for the first representation, and 586 for the second one, which indicates that our prediction extends to the modular curves X H (ℓN) (as opposed to X 1 (ℓ)). This was expected, as our prediction is governed by the genus and not by the level.
Anyhow, it is extremely inconvenient to work with polynomials of such height, so we want to apply [Pari/GP]'s function polredbest to them, as this function computes a nicer polynomial defining the same number field. As noted in [Mas16] , very often the polynomial F (x) is simply too large for this to be possible; however, we may form the polynomials
that ought to correspond to the quotient representations
for 0 i r, and identify their coefficients as rationals, where S i = {s 2 i , s ∈ F * l }, V S f,l = (V f,l − {0})/S, and r is the 2-adic valuation of #F * l ; we may then reduce these polynomials inductively on i as explained in section 2 of [Mas16] .
The point of this is that the polynomial F r (x) ought to correspond to the quotient representation ρ Sr f,l , which contains enough information to recover ρ f,l itself while being much easier to deal with, as explained in section 2 of [Mas16] .
Certification of the data
Now that the polynomials have been reduced, we begin as in [Mas16] by proving that the Galois group of F 0 (x) over Q is PGL 2 (F l ), for instance thanks to the "unordered cross-ratio" method presented in section 3.3.1 of [Mas13] . If we are only interested in the construction of PGL 2 (F l )-number fields with small discriminant, we may stop here, check that the root field of F 0 (x) has as little ramification as expected, and add F 0 (x) to our collection; in fact, we did not need to compute and reduce the polynomials F i (x) for i > 0 in the first place.
However, if we are interested in the representation ρ f,l , then we need to certify that the polynomial F r (x) corresponds in the sense of [Mas16] to the quotient representation ρ Sr f,l . In order to do this, we now introduce a generalisation of the methods presented in [Mas16] .
The reason why we need to modify these methods is that theorem 4 from [Mas16] , which was used to certify the modularity of the projective representation defined by F 0 (x), only applies to representations attached to forms of level 1, which is not the case in this article, and which are wildly ramified at ℓ, which is precisely not the case we are most interested in. As a result, we present a new, more general method to certify that a projective Galois representation is modular and comes from a form of squarefree level.
We begin by recalling a well-known result about projective Galois representations.
Lemma 4.2.1. Let F be a topological field, p ∈ N a prime, and let I p G Q be the inertia subgroup attached to some prime of Q above p. Every continuous character χ : I p −→ F * may be extended to a continuous character G Q −→ F * . Similarly, every continuous character χ : W p −→ F * may be extended to a continuous character G Q −→ F * , where W p is the wild inertia subgroup.
Theorem 4.2.2 (Serre, Tate). Let π : G Q −→ PGL 2 (F ℓ ) be a projective Galois representation. There exists a lift ρ : G Q −→ GL 2 (F ℓ ) such that for all primes p ∈ N, π is unramified at p =⇒ ρ is unramified at p and π is tamely ramified at p =⇒ ρ is tamely ramified at p.
Note that the field of definition of ρ may be larger than the one of π.
Thanks to this result, we may lift projective representations into linear ones, to which we may apply Serre's modularity conjecture so as to prove that the original projective representation is modular. This is very useful for us as we want to certify that our data correspond to modular Galois representations; however, this is not enough, as we want to prove that the representation corresponding to our data is attached to the eigenform f and not another one. In this view, we establish the following theorem, that allows us to prove that our data define a representation attached to a form of the same level as f with very little computational effort.
Theorem 4.2.3. Let π : G Q −→ PGL 2 (F ℓ ) be a projective Galois representation, let K be the number field corresponding via π to the stabiliser of a point of P 1 (F ℓ ). Let R be the set of primes p = ℓ at which π ramifies. Suppose that π is irreducible and odd, and that for all p ∈ R, π is tamely ramified at p, and there exists an unramified prime p of K above p. Then there exists a newform f ∈ S k Γ 1 (N) with N = p∈R p and 2 k ℓ + 2 such that π is equivalent to the projective representation π f,l attached to f modulo a prime l above ℓ.
Proof. By theorem 4.2.2, there exists a lift ρ : G Q −→ GL 2 (F ℓ ) of π which is irreducible, odd, unramified at the primes at which π is unramified, and tamely ramified at all primes p = ℓ. Therefore, Serre's modularity conjecture, which was proved by Khare and Wintenberger in [KW09] , implies that there exists a newform f ∈ S k Γ 1 (N) such that ρ is equivalent to the representation attached to f mod l, where N = p∈R p np is the Serre conductor of ρ and l is a prime above ℓ. Besides, according to [RS01, theorem 2.7], after twisting by a character of ℓ-power conductor (which does not affect π), we may suppose that 2 k ℓ + 2, so to conclude we only have to prove that n p = 1 for all p ∈ R.
Let p ∈ R, so that by our hypothesis there exists an unramified prime p of K above p. Let P be a prime of Q above p, and let I P D P G Q be its inertia and decomposition subgroups. Since ρ is tamely ramified at p, the local exponent of its conductor is just
where V ≃ F ℓ 2 is the space of the representation. As π ramifies at p, so does ρ, so ρ(I p ) is not trivial and n p 1. Let L be the Galois number field cut out by ρ, and let B = Gal(L/K), so that ρ(B) is contained in a Borel subgroup of GL 2 (F ℓ ) by definition of K. As p is unramified, we have a tower of local extensions
where L ur P is the maximal unramified subextension of L P . Therefore, I P is contained in B, so ρ| I P ∼ [ p , which does not affect the weight since ℓ ∈ R, we may thus suppose that ρ| I P ∼ [ 1 * 0 * ], so that n p 1. This concludes the proof.
Remark 4.2.4. Conversely, let ρ = ρ f,l be a mod ℓ representation attached to an eigenform f ∈ S k Γ 1 (N) . We may suppose that N is minimal, that is to say that it is the Serre conductor p =ℓ p np of ρ, where
and the I (n) p W p are the higher ramification groups for n 1. Then if p ∈ N is a prime such that p N so that n p = 1, the equation (4.2.5) implies that ρ is tamely ramified at p and that the inertia at p fixes a dimension 1 subspace of V , so that the number field K corresponding by ρ to the stabiliser of a point in P 1 (F l ) has an unramified prime p above p. Therefore, the implication between the existence of an unramified prime p and the fact that n p = 1 is actually an equivalence, so that theorem 4.2.3 yields a very efficient and general-purpose criterion that we can use to prove that a polynomial with Galois group a subgroup of PGL 2 (F ℓ m ) defines a projective representation which is modular of squarefree level.
Thanks to this criterion, we are able to prove that the polynomial F 0 (x) that we have computed defines a projective representation π F attached to an eigenform f ′ of the same level N as f and of weight 2 k ℓ + 2 modulo a prime l ′ . We now want to ensure that this representation is actually attached to f modulo the prime l. We will prove this by listing all the possible candidate forms, and eliminating them one by one. Of course, the fact that we have already determined the level narrows down this search considerably.
To do so, we apply a generalisation of the technique presented in the second half of section 3.3.2 of [Mas16] : for each prime p such that F 0 (x) mod p is squarefree and splits as a product of linear or quadratic factors, but does not split completely, (4.2.6) we know that π F (Frob p ) is of order exactly 2, so that its trace is zero. As a result, any eigenform f ′ such that π F ∼ π f ′ ,l ′ for some l ′ must satisfy a p (f ′ ) ≡ 0 mod l ′ . We thus form the list of couples (f ′ , l ′ ), where f ′ is a newform of level Γ 1 (N) and weight 3 between 2 and ℓ+2, and l ′ is a prime of the Hecke field of f ′ of the appropriate degree above ℓ; then we start looking for primes p satisfying the condition (4.2.6), and for each such prime we eliminate the couples (f ′ , l ′ ) that fail to satisfy the condition a p (f ′ ) ≡ 0 mod l ′ . This is very efficient, as each such prime p divides the size of the list roughly by #F l . Besides, in order to speed up the computation, we can replace the condition
Q is the norm from the Hecke field of f ′ to Q, which is weaker but just as discriminating in practice, and allows us to barely have to deal with the different possible primes l ′ above ℓ at all. We stop when all the remaining couples (f ′ , l ′ ) correspond to the same projective representation. In general, this happens when the only couple left on the list is (f, l) itself, except of course when f admits a companion mod ℓ, in which case we wait for the list to reduce to the couple (f, l) and the companion couple. Typically, it is enough to consider the primes p 100 to achieve this.
We are thus able to certify that F 0 (x) defines the projective representation attached to f mod l. If the nebentypus ε of f is trivial, we may then apply without any modification the "group cohomology method" presented in section 3.6 of [Mas16] to certify that the polynomial F r (x) defines the quotient representation ρ Sr f,l attached to f mod l, and to compute the image of Frobenius elements in a certified way. Unfortunately, the author does not know at present how to do the same thing if ε is not trivial.
Results
We have used the above algorithms to compute the mod 13 Galois representations attached to the primitive newforms
of respective LMFDB labels 5.6.1.a and 7.8.1.a. The former is supersingular mod 13, whereas the latter admits 7.6.1.a as a companion mod 13. The reason for the choice of these forms is that the corresponding Galois representations are afforded in the torsion of Jacobian of modular curves X H (ℓN) whose genus is moderate, namely g = 13 in both cases; in particular, working with 7.6.1.a instead of 7.8.1.a would have led to computing the same projective representation but a different linear representation in a different curve of higher genus. Similarly, the projective representation attached to 5.6.1.a also comes from 5.10.1.a mod 13, but using the former leads to a modular curve of lower genus than with the latter. We are currently computing the mod 41 representation attached to the form
of LMFDB label 3.22.1.b that admits 3.20.1.b as a companion; the genus of X H (3·41) is g = 25 in this case, which is to the very top of the range of genera that are reasonably amenable to computation with our method. In both cases, the computation of the Galois representations mod 13 took about 12 hours, after which the reduction of the polynomials by the inductive method took just a few minutes (as a comparison, the direct reduction of the polynomial F r (x) takes about 90 hours), and finally the whole certification process took less than a minute.
The polynomials for the projective representations
Recall that under GRH, we have lim inf
We have computed and certified that the field corresponding to the stabiliser of a point of P 1 (F 13 ) via the projective representation attached to 5.6.1.a mod 13 is defined 4 by the polynomial
This polynomial has thus signature (2, 6) and a Galois group that is permutationisomorphic to PGL 2 (F 13 ) P 1 (F 13 for the above field from [KM] , and even worse for the other PGL 2 (F 13 )-fields from [KM] and the [LMFDB] . This is due to the fact that our field is tamely ramified at all primes, whereas the others aren't. According to [Rob16, p. 14] , it is possible that our field is the PGL 2 (F 13 ) field whose Galois closure has the smallest root discriminant.
Similarly, we have computed and certified that the polynomial corresponding to the projective representation attached to 7.8.1.a mod 13 is
This polynomial has the unexpected property that all 6 terms from x 13 to x 8 included are missing. The root discriminant of its root field is (7 12 13 11 ) 1/14 = 39.775 · · · which is even better than our previous example and narrowly misses beating Elkies's; however the root discriminant of its Galois closure is 7 12/13 13 11/12 = 63.271 · · · , which is a little less good than our previous example but still beats Elkies's, [KM] and the [LMFDB] , again thanks to the fact that it is tamely ramified.
The polynomials for the quotient representations
For both of these representations mod 13, we have also computed the polynomials F r (x) introduced in section 4, and certified that these polynomials are correct thanks to the group cohomology method presented in [Mas16] . We have then computed the Dokchitsers' resolvents, that may be used to determine the image in GL 2 (F 13 ) (up to similarity of course) of Frobenius elements, and in particulat to recover the value mod 13 of the coefficients a − P of these forms for huge primes p. All these data are available for download on the author's web page located at https://www2.warwick.ac.uk/fac/sci/maths/people/staff/mascot/galreps/.
For the representation attached to 5.6.1.a mod 13, the polynomial F r (x) is 6 What to expect in general 6.1 Computation of the root discriminant
We now want to establish a formula that will allow us to predict the value of the root discriminant of the fields that we obtain when we compute the projective representation attached to a form of squarefree level and which admits a companion or is supersingular. We begin by recalling some well-known relations between the discriminant of a number field, the ramification and splitting behaviour of primes in this field, and the Galois action.
Lemma 6.1.1. Let T (x) ∈ Q[x] be an irreducible polynomial of degree n, Z = {z 1 , · · · , z n } be the set formed by its roots in Q, K = Q(z 1 ) be the associated number field of degree n, L = Q(z 1 , · · · , z n ) its Galois closure, and G = Gal(L/Q) its Galois group. Fix a prime p ∈ N and a prime P of L above p, and let I P D P G be the inertia and decomposition groups of P. Then the map that associates to g ∈ G the prime (g · P) ∩ K of K induces a bijection between the orbits of D P acting on Z and the primes p of K above p. Furthermore, given such an orbit ω, the inertial degree f p/p of the corresponding prime p is the number of orbits of ω under I P , and these orbits all have the same size, which agrees with the ramification index e p/p of p. Finally, if the ramification is tame at p, that is to say if the indices e p/p are coprime to p for all p | p, then the p-adic valuation of the root discriminant of K is
and the one of the root discriminant of L is
Examining the action of inertia through a modular Galois representation then leads to the following formulas:
1 .
Therefore, I p acts on P 1 (F l ) by multiplication by the (k − 1)-th powers of F * ℓ , so we have two orbits of size 1 and
orbits of size gcd(k − 1, ℓ − 1). On the other hand, if f mod l is supersingular, that is to say if a ℓ ≡ 0 mod l, then according to section 2.1.2 of [RS01], we have
over F l , where ψ and ψ ′ = ψ ℓ are the two fundamental characters of level 2, which take values in F * ℓ 2 . If m is odd, then this splitting does not occur over F l , so ρ| I ℓ is similar to m copies of
(6.1.6) restricted to the (k − 1)-th powers of F * ℓ 2 . Here, we are using the fact that F * ℓ 2 is cyclic and that two matrices with coefficients in F l which are similar over F l are already similar over F l . In (6.1.6), the (ℓ + 1)-th powers of F * ℓ 2 act as scalars since they lie in F * ℓ , so the action of I ℓ on P 1 (F ℓ ) is equivalent to the action of the (k −1)-th powers of copies of an (ℓ + 1)-cycle. We thus have
orbits, all of size
. If m is even, then we have the decomposition
, and the action of I ℓ on P 1 (F l ) yields two orbits of size 1 and ℓ m −1 r orbits of size r. Either way, the ramification is tame, and we can again determine the valuation of ℓ in d K and d L thanks to by lemma 6.1.1.
Remark 6.1.7. One sees easily that same formulas remain valid for k = 1, in which case one has α = β = 0. Furthermore, the same reasoning can also be used to derive formulas for the discriminant of the fields attached to the linear representation ρ f,l attached to a newform of any weight k ℓ + 1 if desired.
Of course, we are mainly interested in the cases when the image of π f,l is PGL 2 (F ℓ ) or PSL 2 (F ℓ ). Given an explicit choice of f ∈ N k (N, ε) and l, it is easy to ensure this. Indeed, if it were not the case, then according to Dixon's classification of finite subgroups of PGL 2 (F ℓ ), either the image of the linear representation ρ f,l attached to f mod l would be contained in a Borel subgroup or in the normaliser of a split Cartan subgroup in GL 2 (F ℓ ), or the image of π f,l would be isomorphic to a subgroup of the symmetric group S 4 or of the alternating group A 5 . In order to rule these cases out, we use the same technique as in section 2 of [Swi72] : The Borel (resp. normaliser of Cartan) case can be ruled out by computing the Fourier coefficients a p of f for a few primes p, and finding at least one p ∤ ℓN such that
(resp. a few primes p ∤ ℓN which span (Z/ℓNZ) * ⊗ Z/2Z and such that a p ≡ 0 mod l). Similarly, if ℓ 7, the S 4 or A 5 case may be ruled out by exhibiting a prime p = ℓ such that a 2 p /p k−1 mod l is not a root of x(x − 1)(x − 2)(x − 4)(x 2 − 3x + 1). One then sees if the image of π f,l is PSL 2 (F ℓ ) or PGL 2 (F ℓ ) by checking whether the values of the mod ℓN character 
A few examples with trivial nebentypus
In the case where f mod l has trivial nebentypus, is ordinary, and admits a companion, we get especially small root discriminants when N ′ is small and k − 1 and ℓ − 1 have a large common factor. If they do not, for large ℓ the root discriminant of both K and L is asymptotically ℓN. This condition should not be confused with the condition from section 3.1 that gcd(k − 2, ℓ − 1) be large for X H (ℓN) to be much smaller than X 1 (ℓN). Sadly, these two conditions are rather contradictory 5 , so unfortunately the most interesting examples are the hardest to compute. For instance, of all the examples of newforms with trivial nebentypus, rational coefficients, and which admit a companion listed by David Roberts in table 3.2 of [Rob16] , the only case for which we are able to compute the associated Galois representation is for 7.8.1.a mod 13, which we presented in section 5.
When f mod l is supersingular and has trivial nebentypus, the condition for the root discriminant to drop from the ℓN asymptotic is that k −1 and ℓ+1 have a large common factor, and this seems more compatible with the condition for X H (ℓN) to have moderate genus. However, for 11 ℓ 41 we have found no examples of forms of weight 2 k ℓ + 1, squarefree level N 20 corpime to ℓ and trivial nebentypus which are supersingular mod a prime above ℓ, whose mod ℓ projective representation has big image, and such that gcd(k − 1, ℓ + 1) > 1. This is partly because having a trivial nebentypus forces k − 1 to be odd, which makes it harder for its gcd with the even number ℓ + 1 to be nontrivial. We have still found two examples of surjective representations attached to supersingular forms leading to small root discriminants, even though gcd(k − 1, ℓ + 1) = 1 in each case: This projective representation also comes from the newform 3.12.1.a = q + 78q 2 − 243q 3 + O(q 4 ) ∈ N 12 Γ 0 (3) .
• The mod ℓ = 29 projective representation attached to 2.14. This projective representation also comes from the newform 2.18.1.a = q + 256q 2 + 6084q 3 + O(q 4 ) ∈ N 18 Γ 0 (2) .
The corresponding degree ℓ + 1 fields are not part of [KM] nor of the [LMFDB] ; according to [Rob16, p.14] , it is possible that these fields are the ones of smallest root discriminant with this Galois group, and similarly for their Galois closures. Unfortunately, the genus of the modular curve X H (ℓN) is respectively g = 43 and g = 36 in these examples (no matter which of the two possible newforms we look at), which keeps them out of computational reach at present.
Supersingular forms with nontrivial nebentypus
As supersingularity is very easy to test, we have run a search form newforms of squarefree, coprime to ℓ level at most 20 for 7 ℓ 13 and at most 10 for 17 ℓ 41 which have (possibly odd) weight 6 2 k ℓ, are supersingular modulo at least one prime l (of any degree) above ℓ, and have nontrivial nebentypus, and we have kept the cases for which d K 8πe γ or d L 70. Here, as before d K is the root discriminant of the field corresponding to the stabiliser of a point of P 1 (F l ) and d L is the root discriminant of its Galois closure.
In most cases, imposing these tight bounds on the root discriminants leads to representations with small image 7 , the most frequent case being that the image is contained in the normaliser of a Cartan subgroup. After eliminating these cases, we are left with only two projective representations whose image is either PGL 2 (F l ) or PSL 2 (F l ): In this table, each line corresponds to a projective representation, and we indicate which supersingular forms found in our search yield this representation. To each form, we associate as in section 3.1 a modular curve X H (ℓN) whose jacobian contains the corresponding mod l linear representation, and we indicate the smallest of the genera of these curves 8 . Sadly, we have not found any example with a prime of degree higher than 1 satisfying the root discriminant bounds.
The first representation is the one attached to the newform 13.2.2.a = q + (ζ 3 − 1)q 2 − (2ζ 3 − 2)q 3 + O(q 4 ) ∈ N 2 (13, ε) modulo any 9 of the two primes above 7 in Q(ζ 3 ), where ζ 3 is a primitive cube root of 1 and ε sends 2 mod 13 to −ζ 3 . As the weight of this form is 2, this representation occurs in the 13-torsion of the genus 2 curve X 1 (13), so it is extremely easy to compute it with our algorithms. In fact, the corresponding degree 8 field is already part of [KM] .
On the other hand, as far as we know the second example is completely out of computational reach, which is a real pity as it is the first PSL 2 example that we have encountered, and the value of d L is quite small. 6 According to theorem 2.8 of [Edi92] , this is equivalent to searching for weights between 2 and ℓ + 1.
7 A similar phenomenon is reported in section 4.5 of [Rob16] . 8 It is of course not impossible that the projective representation is afforded in a curve of smaller genus, but we do not know how to construct such a curve, nor if it exists.
9 Changing the prime is tantamount ot twisting the linear representation in this case.
